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Superlattices with one-dimensional (1D) phonon confinement were studied to
obtain a low thermal conductivity for thermoelectrics. Since they are com-
posed of materials with a lattice mismatch, they often show dislocations. Like
1D nanowires, they also decrease heat transport in only one main propagation
direction. It is therefore challenging to design superlattices with a thermo-
electric figure of merit ZT higher than unity. Epitaxial self-assembly is a
major technology to fabricate three-dimensional (3D) Ge quantum-dot (QD)
arrays in Si. They have been used for quantum and solar-energy devices.
Using the atomic-scale phononic crystal model, 3D Ge QD supercrystals in Si
also present an extreme reduction of the thermal conductivity to a value that
can be under 0.04 W/m/K. Owing to incoherent phonon scattering, the same
conclusion holds for 3D supercrystals with moderate QD disordering. As a
result, they might be considered for the design of highly efficient comple-
mentary metal–oxide–semiconductor (CMOS)-compatible thermoelectric
devices with ZT possibly much higher than unity. Such a small thermal
conductivity was only obtained for two-dimensional layered WSe2 crystals
in an experimental study. However, electronic conduction in the Si/Ge
compounds is significantly enhanced. The 0.04 W/m/K value can be computed
for different Ge QD filling ratios of the Si/Ge supercrystal with size parame-
ters in the range of current fabrication technologies.
Key words: Thermoelectrics, thermal conductivity, self-assembly,
quantum dot, silicon, germanium
INTRODUCTION
The energy-conversion efficiency of a thermo-
electric material is an increasing function of its
thermoelectric figure of merit ZT, which is inversely
proportional to its thermal conductivity k and
directly proportional to its power factor (S2r).
Indeed, when S, r, and T denote the Seebeck coef-
ficient, electrical conductivity, and absolute tem-
perature, respectively, the nondimensional ZT is
given by ZT = S2rT/k.1,2 Discovery of a material
with ZT higher than 3 would produce a thermo-
electric yield that is higher than 42% of the Carnot
efficiency for hot and cold junctions at 800 K and
300 K, respectively. Such a breakthrough could
have an enormous impact for energy conversion and
renewable energies. To achieve this dream, the de-
sign of semiconducting materials with an indirect
electronic bandgap showing a very low thermal
conductivity is currently one of the major areas of
research in solid-state physics and chemistry.1–11
Superlattices made up of periodic thin semicon-
ducting layers were the first type of nanomaterials
to be studied with the purpose of achieving ZT > 1.(Received June 26, 2009; accepted October 20, 2009;
published online November 10, 2009)




The superlattice thermal conductivity can be
significantly reduced compared with bulk material
due to the possible one-dimensional (1D) phonon
confinement between its layer interfaces.9,10
However, the design of a material with ZT larger
than unity is usually not possible with many
superlattices. Indeed, the lattice mismatch at their
layer interfaces forms dislocations that often lead to
cracks owing to high residual stresses from covalent
bonds stopping dislocation propagation. These
defects lead to r reduction and prevent ZT increase
above unity. Recently, nanowires were also pro-
posed for thermal conductivity reduction.3–5
Nevertheless, like the superlattices, they decrease
thermal transport in only one propagation direction.
Therefore phonon confinement, as for nonfocusing
and localization, cannot be as significant as in three-
dimensional (3D) nanostructured materials. Exper-
imentally, these 1D materials for thermal insulation
usually fail to beat the lowest amorphous limit of
bulk Si of around 1 W/m/K.11
With the spectacular development of nanotech-
nology, self-assembly became a major technology for
bottom-up synthesis of 3D nanostructured devices
for various applications in drug design, biotechnol-
ogies, electronics, and photonics, for instance.12–15
Self-assembly of epitaxial layers on silicon has been
used to fabricate 3D Ge quantum-dot (QD) arrays in
diamond-cubic (dc) Si for quantum-device and solar-
energy applications.16,17 In this theoretical study,
we show based on the atomic-scale 3D phononic
crystal model18 that high-density 3D arrays of self-
assembled (SA) Ge QDs surrounded by a dc Si
matrix can also present an extreme reduction of the
thermal transport. Gillet showed in 3D Ge-QD su-
percrystals in Si with different germanium concen-
trations that the thermal conductivity can be lower
than 0.04 W/m/K at room temperature, or less than
twice that of air.19 This quantity represents a 3750-
fold reduction factor with respect to bulk dc Si
(150 W/m/K). As a result, these 3D Si/Ge QD
supercrystals, with two scales of texture, could be
considered for the design of very efficient thermo-
electric devices showing compatibility with CMOS
microelectronics. A thermal conductivity with a
similar value of 0.05 W/m/K was obtained in a pre-
ceding experimental study of two-dimensional (2D)
disordered layered WSe2 crystals.
6 This value also
shows a significant reduction with respect to the
extreme low limit of amorphous WSe2 of the order of
0.3 W/m/K.6,20 Nevertheless, owing to the better
electrical properties of silicon-based devices and
high germanium electronic mobility, electronic
transport in the Si/Ge crystals can be significantly
enhanced compared with that in WSe2 crystals. The
importance of electrical doping, which might be
another increase factor of ZT in the Si/Ge crystals,
is still an open question. Indeed, from the Wiede-
mann–Franz law, doping increases both electrical
conductivity r and electronic thermal conductivity
ke, which might become nonnegligible with respect
to the lattice thermal conductivity (studied in this
paper) for high carrier concentrations, resulting in a
possibly negative effect on the increase of ZT.
However, a recent theoretical study of the electronic
properties of silicon nanowires with ab initio and
density functional theory (DFT) calculations showed
that ZT could be significantly enhanced by electrical
doping in a carrier concentration range from
1016 cm3 to 1020 cm3.21 In fact, the maximum of
ZT in this range depends on geometrical properties
such as the growth crystallographic axis and nano-
wire diameter.
The phonon harmonic behavior in the atomic-
scale 3D phononic crystal is modeled from its dis-
persion curves, which are computed in a range from
0 THz to 20 THz by lattice dynamics.22–24 Three
acoustical branches start from 0-Hz eigenfrequen-
cies in our discrete model. The folded optical bran-
ches are populated at low temperatures. Indeed, at
a frequency m  1 THz, the ratio kBT/(hm) is higher
than 10% for T ‡ 5 K (with the Boltzmann and
Planck constants kB and h, respectively). Flat dis-
persion curves with mini bandgaps are obtained for
the higher-energy folded modes. This phenomenon
leads to much smaller phonon group velocities than
those of bulk dc Si. The huge decrease of the ther-
mal conductivity in the atomic-scale 3D phononic
crystal is not only due to the effect of the low phonon
group velocities. Additional incoherent effects of
phonon multiple scattering between the Ge QDs
have to be considered in a diffusive model owing to a
wave-particle duality appearing when the folded
phonon wavelengths are smaller than the double
lattice constant 2d of the supercells in the Si/Ge QD
supercrystal. Multiple scattering of the diffused
phonons breaks their mean free paths (MFPs) and
constitutes another thermal-conductivity reduction
factor in the QD supercrystal. Incoherent scattering
can be modeled using a near-field theory such as
that of van de Hulst and other authors.25–27 Owing
to its predominance, strong nonfocusing and locali-
zation effects of the phonons appear. Indeed, the
density of thermal paths is low, owing to the two
scales of texture in the 3D Si/Ge QD supercrystal.
Thus, the supercrystal thermal conductivity can be
much lower than that of the lowest amorphous
limits of related bulk materials such as Si or WSe2.
In fact, the heat flux can find a larger number of
random thermal paths in amorphous materials, as
obtained experimentally in Ref. 6. Based on the
above, the same extreme reduction of the thermal
conductivity holds for 3D Si/Ge QD supercrystals if
the degree of QD disordering remains moderate
with respect to an amorphous Si/Ge material.
In first numerical results, we show for a wide
temperature range that the thermal conductivity
decreases for increasing QD filling ratio x (in Ge
at.%) in the case of a supercell with constant aver-
age distance d between the Ge QDs. In an atomic-
scale 3D phononic crystal where each supercell is
made up of a QD with 1332 Ge atoms inside a cage
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of 1412 Si atoms, the thermal conductivity can
be decreased by a factor of 750 or more compared
with bulk dc Si, or below the upper limit of only
0.2 W/m/K. This value is five times smaller than the
Einstein limit of around 1 W/m/K for disordered
bulk Si.20 Thereafter, we present the size depen-
dence of the thermal conductivity k versus the
average distance d between the QDs. A k decrease
with a power-law dependence is observed with
increasing d. This analysis enables Gillet to predict
that k can be lower than 0.04 W/m/K for two dif-
ferent QD filling ratios x at room temperature.19 For
instance, when x = 12.5 Ge at.% or x = 48.5 Ge at.%,
the d-values to obtain the same k = 0.04 W/m/K are
19.6 nm or 7.6 nm, respectively. The presented
numerical results might have a significant impact
for thermoelectrics and forthcoming fabrication of a
3D Ge/Si supercrystal.
ATOMIC-SCALE 3D PHONONIC CRYSTAL
MODEL
Confinement from Flat Dispersion Curves
To investigate the extreme thermal conductivity
reduction of 3D high-density arrays of SA Ge QDs in
a dc Si matrix, we propose the atomic-scale 3D
phononic crystal model with a supercrystal lattice
constant d = Na given by an integer number of
interatomic distances a in the h100i directions. As
shown in Fig. 1, a period of this phononic-like
crystal is made up of a group of N 9 N 9 N = N3 dc
Si cells. Therefore, the N3 dc primitive cells form a
larger cubic supercell in a simple-cubic (sc) super-
crystal. When N = 7, as depicted in Fig. 1, each
supercell is composed of N3 = 343 dc primitive cells.
In this example, the possible phononic-like crystals
have a nonrelaxed d = Na = 7a = 3.8017 nm, where
a = 0.5431 nm is the lattice constant of bulk dc Si.
The total number of atoms forming a supercell is
8N3 = 2744, since the number of atoms per primi-
tive cubic cell is 8 in the dc subgroup. At each
supercell center, we substitute a number of Si atoms
by Ge atoms to obtain a 3D Ge/Si nanocomposite. In
five possible atomic configurations with N = 7, we
substitute the Si atoms contained in a subset of
M 9 M 9 M = M3 dc primitive cells, located at each
supercell center, by Ge atoms to form Ge QDs (with
a box-like nanoparticle shape) with different bases
w = Ma. The number of dc Ge inter-atomic dis-
tances is M = 1, 2, 3, 4 or 5 in the h100i symmetric
directions.
When the size parameter M is equal to 1, 2, 3, 4 or
5, the central dc Ge QD in each supercell contains
28, 126, 344, 730 or 1332 Ge atoms, respectively.
They are surrounded by 2716, 2618, 2400, 2014 or
1412 Si atoms, respectively. The example with
M = 5 refers to the largest QD basis w = Ma = 5a =
2.7155 nm among the defined 3D Si/Ge QD super-
crystals with supercrystal lattice constant d = Na =
7a = 3.8017 nm. In this case (N = 7, M = 5), each
supercell is composed, at its center, of a dc Ge QD
composed of M3 = 125 primitive dc Ge cells. They
are surrounded by N3  M3 = 218 peripheral dc Si
cells, as in the discrete-medium scheme of Fig. 1b.
In this figure, the Ge and Si atom locations in the
supercell are shown in black and light (yellow) col-
ors, respectively. The periodic spatial repetition of
supercells creates an atomic-scale 3D phononic
crystal, as in the continuous-medium scheme of
Fig. 1a. The overall chemical compositions GexSi1x
of the five QD supercrystal configurations with
the reduced supercell lattice constant N = 7 are
obtained from the Ge-QD filling ratios x = 1.02
Ge at.%, 4.59 Ge at.%, 12.53 Ge at.%, 26.60 Ge at.%,
Fig. 1. (Color online) Schematics at two different scales of an atomic-scale 3D phononic crystal with N = 7 and M = 5. In the continuous medium-
like drawing in (a), the quantum dots (QDs) with an edge length of w = 5a = 2.7155 nm and spacing of d = 7a = 3.8017 nm are displayed as
ordered black cubes with highlighted (blue) edges. In (a), the transparent central cube with thick highlighted (red) edges shows one of the
nanomaterial supercells. The discrete medium-like drawing of a supercell is presented in (b). The 1332 Ge atoms forming a QD with a box-like
nanoparticle shape in (a) are shown in black in (b), while the 1412 peripheral Si atoms are shown in light (yellow) color in the remainder of the
supercell.
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and 48.54 Ge at.% for the reduced QD bases M = 1,
2, 3, 4, and 5, respectively. As shown in Fig. 1a and
b, the 3D QD supercrystal shows two scales of tex-
ture: The first is defined by the interatomic distance
a between the primitive atoms forming a supercell
while the second, larger scale is given by the dis-
tance d = Na between the Ge QDs.
Since Nm = 3 9 8 9 N
3 = 8232 is the number of
vibration degrees of freedom in a supercell with the
reduced supercrystal lattice constant N = 7, lattice
dynamics is used to compute the 8232 dispersion
curves of the five Si/Ge QD supercrystals with N = 7
from their Nm phonon eigenmodes.
22 The empirical
Stillinger–Weber potential is preferred to describe
the binding energy between two and three neighbor
atoms.23,24 The equilibrium relaxed positions of the
atoms in each supercell as a function of the masses
and elastic constants of dc Si and Ge are obtained by
numerical minimization before lattice dynamics.
Since the dispersive effect of each atom in a super-
cell is considered in this discrete model, the super-
crystal dispersion curves are obtained in a
frequency range from 0 THz to 20 THz. Figure 2
shows 102 of the 8232 computed dispersions curves
of an atomic-scale 3D phononic crystal with the size
parameters N = 7 and M = 5 (sketched in Fig. 1).
The N3  3 = 8229 folded optical curves are usually
very flat. This harmonic phenomenon results in
very low group velocities since they are obtained by
derivation of the dispersion branches with respect to
the wavenumber in a particular direction. The low
group velocities constitute a first effect on the
extreme thermal-conductivity decrease observed in
the Si/Ge QD supercrystals, as explained in the
following.
Thermal Conductivity Model
Using the general integration (Eq. 1) over the
radial wavenumber k = |k|, as demonstrated in
Ref. 18 without using the Debye approximation, we
derive the thermal conductivity k of a 3D crystalline
material with a cubic symmetry from its phonon
scattering relaxation times sk,m and dispersion
curves, computed with lattice dynamics (see the













In Eq. 1, h = h/(2p) is the reduced Planck constant,
and m is the index of one branch of the Nm disper-
sion curves to which the mode (k, m) belongs. We
recall that the number of eigenvalues is given by
Nm = 24N
3 = 8232 for an atomic-scale 3D phononic
crystal with the reduced supercrystal lattice con-
stant N = 7. The Bose–Einstein distribution of the
phonons is denoted by n
ð0Þ
k;mðTÞ in Eq. 1 for an equi-
librium system temperature T. The radial group
velocities vk;m ¼ @xk;m=@k (Eq. 1) are obtained by
derivation of the dispersion curves with respect to k.
We also point out that the phonon MFPs lk,m can be
derived from lk,m = sk,mvk,m. In Eq. 1, gk is the free-
particle density of states (DOS) per volume unit as a
function of k. The integral (Eq. 1) is taken over the
finite interval [0, kmax], where kmax is the right
border of the first folded Brillouin zone (BZ). For a
bulk face-centered cubic (fcc) material, this bound-
ary is given by kmax = 2p/a, with the lattice constant
a = 0.5431 nm for bulk dc Si. Differently, owing to
the sc crystallinity at the largest scale of the Ge
QDs, kmax = p/d is used in Eq. 1 to obtain the ther-
mal conductivity k of a Si/Ge QD supercrystal with
average distance d = Na between the QDs. In the
example of Fig. 1, for a reduced supercrystal lattice
constant N = 7, the width of the folded BZ is only
1/(2N) = 1/14 of that of bulk dc Si since (2p/a)/(p/d) =
2d/a = 2N = 14.
Shrunk Relaxation Times from Incoherent
Scattering
To compute the thermal conductivity k of the
atomic-scale 3D phononic crystal (Eq. 1), an ana-
lytical model of the total phonon relaxation times
sk,m = lk,m/vk,m of the modes (k, m) is implemented
from the Matthiessen rule and scattering cross-sec-
tions in a ‘‘phonon-particle’’ approach. Only inco-
herent scattering processes have to be considered.
Indeed, the N3  3 folded dispersion curves, for
which the scattering cross-sections are the largest,
have folded phonon wavelengths smaller than the
double supercell period 2d. As a result, the (non-
normalized) overall scattering probability 1/sk,m can
be defined from the Mathieussen rule as a summa-








In Eq. 2, the contribution 1/sk,m
(d) of isotopes and
atomic-size defects can be neglected. Indeed, this
term is a second-order effect in high-purity dc Si.
Fig. 2. One hundred and two branches chosen among the 8232
dispersion curves of an atomic-scale 3D phononic crystal with M = 5
and N = 7 (d = 3.8017 nm); equivalent crystallographic directions
h100i.
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To compute the scattering probability 1/sk,m
(u) of the
umklapp (or U) process, a common formulation
given in Refs. 28 and 29, depending on T, is utilized.
Based on the above, the free-particle DOS per vol-
ume unit (Eq. 1) is defined as gk = k
2/p2 instead of
k2/(2p2) in bulk dc Si with six dispersion curves, as
discussed in Ref. 18. In Eq. 2, the multiple-scatter-
ing probability 1/sk,m
(p) between the Ge QDs is an
incoherent effect resulting from nonfocusing and
localization of the phonons with small wavelengths
and group velocities.
Solving this multiple-scattering problem is highly
computationally demanding in three dimensions.
An approximated method to obtain 1/sk,m
(p) (Eq. 2)
from the scattering cross-section rk,m
(p) versus (k, m)
has to be used. The quantum perturbation approach
of Kim and Majumdar25 is chosen in this study to




(p) of the scatters (i.e., the Ge QDs).
This method considers each scatter individually in
the framework of a decoupling approximation when
their cross-sections remain smaller than the van de
Hulst’s geometrical limit 2p R2 with the scatter
average radius R. Therefore, owing to BZ folding,
the scatter cross-sections rðp
0Þ
k;m of the N
3  3 folded
optical modes are assigned in this paper to the same
analytical formulations rðp
0Þ
k;m  rðacÞk;m , with m = 1 to 3,
as those of the three nonfolded acoustical modes.
This acoustic-like approach leads to an underesti-
mate rðacÞk;m < r
ðp0Þ
k;m of the scatter cross-sections. Indeed,
the quantity rk,m
(ac) is computed in the first half BZ
and related to scattering of the three nonfolded
acoustical modes. Nevertheless, this approximation
enables us to compute an upper limit kmax > kreal
for the thermal conductivity k of the 3D Si/Ge
QD supercrystal. Indeed, the relaxation times sk,m
(p)
(Eq. 2) are set to their overestimated values given
by sk,m
(ac). As a result, the quantity k in Eq. 1 is max-
imized from the inequality sðacÞk;m > s
ðp0Þ
k;m that holds for
any mode (k, m) since





leading to sðacÞk;m > s
ðp0Þ
k;m; ð3Þ




k , when taken as a function of only
k, connects the Rayleigh-type far-field rðF FieldÞk
 
and
van de Hulst-type near-field rðN FieldÞk
 
cross-
sections arising when k ﬁ 0 and k ﬁ 1, respec-










where rðF FieldÞk and r
ðN FieldÞ
k are given in Ref. 25.
These terms depend on the atomic mass A and
elastic constant K of the matrix in which the scatter
is embedded, with A and K different from those of
the matrix by the quantities DA and DK, respec-
tively.18 In Eq. 4, the fourth-power dependence
of the Rayleigh-type cross-section rðF FieldÞk  v4
holds when k ﬁ 0, where v ¼ k R is the average
scatter size parameter. Moreover, the near-
geometrical cross-section rðN FieldÞk tends to the con-
stant 2G = 2p R2, when k ﬁ 1. This constant is
equal to twice the projected scatter area G according
to the extinction paradox.26,27 From the precedent,
an overestimate kmax of the thermal conductivity is




in Eq. 4 has to be calculated in the first half BZ to
obtain sðacÞk;m > s
ðp0Þ
k;m for any mode (k, m). As a result, in
accordance with the analytical developments in
Ref. 25, the proportionality factor k4 in rðF FieldÞk
(Eq. 4) can be substituted by ðxk;m=vk;mÞ4; while
rðN FieldÞk is not related to the Debye approximation,
as derived in Ref. 18. This substitution leads to
scatter cross-sections rðp
0Þ
k;m  rðacÞk;m and relaxation
times sðp
0Þ
k;m  sðacÞk;m in Eq. 4 showing a full modal
dependency on both k and m and avoids underesti-
mation of k in Eq. 1. From our calculations, expect
at low frequencies for the modes that are not related
to thermal transport in solids, a strong predomi-
nance of rðN FieldÞk over r
ðF FieldÞ
k is observed. We obtain
rðN FieldÞk;m  rðF FieldÞk;m for k-values that are already
below the middle location of the first folded BZ with




the near-field effect is consistent with the incoher-
ent scattering model used in this paper.
NUMERICAL RESULTS
Increasing Filling Ratio x for a Constant QD
Average Distance d
As detailed in the ‘‘Atomic-Scale 3D Phononic
Crystal Model’’ section, an upper limit kmax of the
thermal conductivity k is computed as a function of
the equilibrium temperature T. Indeed, an inco-
herent approach is used to obtain the scattering
cross-sections. This approximation also leads to an
overestimate hl(T)imax of the effective phonon MFP.
In contrast, the predicted effective product h(Cv)(T)i
of the mode heat capacities by their group velocities
is not maximized. Indeed, the latter is independent


















From the formulations of hCvi (Eq. 5) and k(T)
(Eq. 1), hlimax is computed as
lðTÞh i ¼ 3kðTÞðCvÞðTÞh i; (6)
where hl(T)i is maximized for all T-values using
the incoherent scattering approach presented in
the ‘‘Shrunk Relaxation Times from Incoherent
Scattering’’ section for the relaxation times.
The dashed-dotted, dashed, and solid black curves
from the top to the bottom in Fig. 3a present three
computed thermal-conductivity curves of kmax with
respect to the equilibrium temperature T. They are
obtained for three different types of atomic-scale 3D
phononic crystals with a constant reduced supercell
parameter N = 7. However, they show variable odd
values of the reduced QD basis M and correspond to
the smallest (M = 1), middle (M = 3), and largest
(M = 5) QD sizes, respectively. Curves of kmax
versus T for two other Si/Ge supercrystal types
with the same constant N = 7 are displayed using
dashed-dotted and dashed light (grey) curves from
the top to the bottom in Fig. 3a. These nanomate-
rials have even M-values of M = 2 and M = 4,
respectively. The (red) circles (joined by a dashed
curve with the same light color) denote experimen-
tal measurements of the thermal conductivity of
bulk dc Si in Ref. 28 for comparison. The light (blue)
dashed horizontal line (Fig. 3a) is a reference to the
extreme low limit of amorphous bulk Si with an
asymptotical value around 1 W/m/K when T ‡
300 K according to the Einstein model in Ref. 20.
From the same figure, the reader can observe the
strongest k decrease for the Si/Ge QD supercrystal
with the largest QD filling ratio x = 48.5 Ge at.%
related to the model parameter M = 5. The latter
shows a thermal conductivity that can be lower than
kmax = 0.2 W/m/K at T = 300 K. This value is about
5 times smaller than the extreme amorphous Si limit
and 750 times smaller than the experimental ther-
mal conductivity (150 W/m/K) of bulk dc Si at room
temperature. This amorphous limit is also beaten by
another Si/Ge QD supercrystal with a lower filling
ratio of x = 26.5 Ge at.% or M = 4, as shown by the
light (gray) dashed curve in the bottom of Fig. 3a.
The latter presents kmax = 0.7 W/m/K at T = 300 K.
In contrast, when x = 12.5 Ge at.% (i.e., M = 3) and
below this value, kmax versus T is above 1 W/m/K
from low to usual operation temperatures of ther-
moelectric devices (superior part of Fig. 3a). In fact,
incoherent scattering becomes less significant when
the Ge QDs are smaller and the phonon group
velocities increase as well. Figure 3a also shows in
the top part that the slope of the thermal conduc-
tivity of bulk dc Si versus T is larger than those of
the Si/Ge QD supercrystals when T is below 20 K.
Indeed, boundary scattering becomes predominant
owing to the quite large effective MFP of bulk dc Si.
Figure 3b shows the five curves of the maximized
effective MFPs hlimax with respect to T (Eq. 6). This
figure has to be matched up with Fig. 3a. The same
conventions of color and hatching as utilized in
Fig. 3a are used in the latter figure to relate the five
example Si/Ge QD supercrystals with M = 1 to 5
(and constant N = 7). A monotonic decrease of hlimax
versus T can be seen for all examples owing to
umklapp scattering (Fig. 3b). Moreover, in the
bottom part, significant incoherent scattering is
observed from the hlimax dependence of the two QD
supercrystals with the largest QD filling ratios
x = 26.5 Ge at.% (M = 4) and x = 48.5 Ge at.%
(M = 5), which were also highlighted for the
thermal conductivity (Fig. 3a). For these two
Fig. 3. (Color online) (a) Maximized thermal conductivity kmax versus
T for five atomic-scale 3D phononic crystals with N = 7: From the top
to the bottom, the three black curves displayed by the dashed-
dotted, dashed, and solid lines are for odd M-values (M = 1, M = 3,
and M = 5, respectively). The two light (gray) curves shown by the
dashed-dotted and dashed lines are for even M-values (M = 2 and 4,
respectively). The light (blue) dashed horizontal line in (a) is a
reference to the Einstein limit (of the amorphous Si thermal con-
ductivity). Circles, joined by the light (red) dashed line, are experi-
mental measurements of the bulk dc Si thermal conductivity versus
T. (b) Maximized effective MFP curves hlimax versus T are displayed
by the dashed-dotted, dashed, and solid black lines for odd M-values
(M = 1, M = 3, and M = 5, respectively) from the top to the bottom.
The two light (gray) curves shown by the dashed-dotted and dashed
lines are for even M-values (M = 2 and M = 4, respectively). Circles,
joined by the light (red) dashed line, give the bulk dc Si effective MFP
versus T. The light (blue) dashed horizontal line in (b) is a reference
to the minimal unfolded phonon wavelength of 2d = 7.6034 nm when
N = 7 for comparison.
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supercrystals, hlimax becomes lower than the short-
est unfolded phonon wavelength of 2d = 7.6034 nm,
referenced by the light (blue) horizontal dashed line,
when T ‡ 300 K and T ‡ 100 K, respectively
(Fig. 3b). These results are in agreement with
the utilized incoherent scattering model (see the
‘‘Shrunk Relaxation Times from Incoherent
Scattering’’ section).
Increasing QD Average Distance
d for a Constant Filling Ratio x
In this final discussion, an extreme reduction of
the thermal conductivity k to a value that can be
lower than 0.04 W/m/K is predicted at T = 300 K.
This extremely small value, which is lower than
twice the thermal conductivity of air, can be
obtained for different pairs of the size parameters d
and x in the Si/Ge QD supercrystal (related to N and
M/N in reduced values, respectively). This predic-
tion might have a significant impact on thermo-
electrics. Indeed, ZT depends on 1/k (see the
‘‘Introduction’’). The following results can be
extended over a wide temperature range using the
T-dependent model described above.
As shown in Fig. 4, at room temperature
(T = 300 K), k shows a power-law decrease with
increasing QD average distance given by d = Na
(see the ‘‘Confinement from Flat Dispersion Curves’’
section) in the 3D Si/Ge supercrystal. Two example
curves in black and light (grey) colors are displayed
for corresponding chosen x-values of 12.5 Ge at.%
and 48.5 Ge at.% (functions of the ratio M/N).
The two curves of k versus d, plotted with respect
to a double-logarithm scale, are obtained by linear
interpolations of computed k-values using the pre-
sented model. They are denoted by circles and
squares for x = 12.5 Ge at.% and x = 48.5 Ge at.%,
respectively (Fig. 4). For the largest x = 48.5
Ge at.% (squares), k already reaches the value of
0.04 W/m/K for an average QD distance of
d = Na = 7.6 nm (i.e., N = 14 in number of inter-
atomic distances). This d-value corresponds to an
average Ge QD basis w = Ma = 5.4 nm (i.e.,
M = 10). However, for the lowest x = 12.5 Ge at.%
(circles), d has to increase to 19.6 nm (i.e., N = 36)
in order to decrease k down to the same 0.04 W/m/K
value. The latter (d = 19.6 nm, x = 48.5 Ge at.%)
doublet is related to the average Ge QD basis
w = 9.2 nm (i.e., M = 17). This result gives a good
trend for forthcoming fabrication of a Si/Ge QD
supercrystal using the same order of magnitude
for the parameters (d, x) as well as current
technologies.
The computed thermal conductivity of 0.04 W/m/K
shows agreement with experimental results
obtained in Ref. 6 for disordered 2D WSe2 layered
crystals. Owing to the two scales of texture in the
three spatial dimensions of the Si/Ge QD super-
crystal (with folded wavelengths smaller than the
double distance 2d), the phonons are trapped be-
tween the Ge QDs. This phenomenon is a conse-
quence of significant nonfocusing and localization
effects, as obtained with the proposed model.
Similar effects were observed experimentally in the
W/WSe2 system in Ref. 6. When disordering in the
W/WSe2 superlattice to form 2D layered crystal
pieces is significantly increased (due to large ion
doses), the material becomes almost amorphous.
Therefore, new random thermal paths are gener-
ated and the thermal conductivity increases with
respect to the supercrystal case.6 This theoretical
research also shows (from the examples of the Si/Ge
QD supercrystal) that an extreme reduction of the
thermal conductivity could be obtained indepen-
dently of the chemical composition of the semicon-
ductor pair used to design a supercrystal with two
scales of texture.
CONCLUSIONS
An extreme reduction of the thermal conductivity
k of 3D silicon-based supercrystals with SA Ge QDs
is shown based on an atomic-scale 3D phononic
crystal model. Significant size and temperature
effects on the k-values are discussed. One of the
most remarkable results concerns the extreme
lowering of the thermal conductivity, which can be
smaller than only 0.04 W/m/K at room temperature.
Such an ultralow thermal conductivity is computed
for size parameters of the 3D Si/Ge supercrystal in
the range of current fabrication technologies, which
might present significant interest for the design of
very efficient thermoelectric devices. This theoreti-
cal study can be extended to a wide temperature
range and shows agreement with experimental
results obtained for disordered 2D W/WSe2 layered
crystals.6 Finally, the extreme thermal-conductivity
Fig. 4. (Color online) (a) Thermal conductivity k versus average
distance d = Na between the quantum dots (QDs) for two sets of
supercrystals with nonvariable Ge filling ratios x (related to the M/N
ratio) at T = 300 K: The power-law curves of k versus d are obtained
for x = 12.5 Ge at.% (black solid line) and x = 48.5 Ge at.% (black
dashed line). They are the respective interpolations of the computed
data denoted by circles and squares for Si/Ge QD supercrystals with
the corresponding x = 12.5 Ge at.% and x = 48.5 Ge at.%.
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reduction is expected to be a general property of 3D
QD supercrystals, independently of the semicon-
ductor pair used for their design.
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